The objective of this paper is to investigate three distinct families of maximal subgroups of a finite group selected according to the index and the normal index. Moreover, we prove some further results about the family 2 of all maximal subgroups of a finite group whose indices are composite and co-prime to a given prime. This family has been studied by Mukherjee and Bhattacharya.
Introduction and statement of results
All groups considered are finite. Given a group G, the Frattini subgroup of G, Q(G) is defined to be the intersection of all maximal subgroups of G. There has been much interest in generalizing the Frattini subgroup in various ways, and in investigating their influence on the structure of the group (see [3,.5,8,12,13] ).
These generalizations were done taking into account the following question: if 2(G) is a family of maximal subgroups A4 of a group G determined by some 'external' relationship between A4 and G, what is the nature of @(2(G)), the intersection of all the A4 of 2(G)? Now, suppose that P is a group theoretic property which can be characterized in the following way: A group G verifies P if and only if the family 2(G) is empty. Can we assure that the subgroup @(2(G)) verifies the property P?
This last question has been answered satisfactorily in many cases: Let 2(G) be the family of all non-normal maximal subgroups of a group G and let P be the property of nilpotence.
It is well known that a group G verifies P if and only if every maximal subgroup of G is normal in G, i.e., the family 2(G) is empty. Gaschutz [8] , proved that for every group G, the subgroup @(S(G)) is a nilpotent group.
Let U(G) be the family of all maximal subgroups of a group whose indices are composite and let U be the property of supersolubility. It is a well known result of Huppert that a group G verifies U if and only if every maximal subgroup of G has a prime index, i.e., the family U(G) is empty. Bathia (see [13] ) proved that for every group G, @(U(G)) is supersoluble.
Let p be a prime and let xP(G) be the family of all non-normal maximal subgroups of a group whose indices are co-prime to p. We say that a group G verifies the property C$,% if G is an extension of a p-group by a nilpotent group. It is easy to see that a group G verifies the property E&Y? if and only if every maximal subgroup A4 of G such that (p, 1 G : A4 I) = 1 is a normal subgroup of G. Theorem 3.3
in [l] for the formation of nilpotent groups shows that for every group G, Q&, (G)) is an Q%-group. The objective of this paper is to investigate three distinct families of maximal subgroups of a finite group selected according to the index and the normal index. Moreover, we prove some further results about the family '5 of all maximal subgroups of a finite group whose indices are composite and co-prime to a given prime. This family has been studied by Mukherjee and Bhattacharya [12, 13] . Deskins [5] defined the normal index of a maximal subgroup A4 in a group G as the order of a chief factor H/K of G, where H is minimal in the set of normal supplements to M in G. This number is denoted by q(G:M).
Let p be a prime. For notational purposes, if n is a positive integer let n,, denote the 'p-part' of n and if A4 is a maximal subgroup of a group G such that /G: MI is composite, we call M c-maximal in G. Here, 1 G : A4 I denotes the index of A4 in G.
It 'HI(G) = {MI ~4 is a c-maximal subgroup of G, q(G : M) is not a prime power}.
Define S,(G) = n (M 1 ME 2li(G)} if ZI,(G) is nonempty; otherwise, we let
A,(G)=G.
It is clear from the definition that S,(G) is a characteristic subgroup of G and moreover S,(G) contains Q(G). As Theorem 1.1, the following result shows how S,(G) controls the solubility of G:
S,(G) is the soluble radical of G.
Consequently, G is soluble if and only if S(G) = S,(G) = G. These facts illustrate vividly how purely set theoretic conditions for a group may control the structure of the group and force it to be soluble.
In We prove the following:
Theorem 1.4. Let G be a group and let p be a prime. If p is larger than or equal to every prime dividing the order of G, then S(G; p) is p-soluble.
In [13, Theorem 1.31, it is proved that if G is a p-soluble group where p is the largest prime dividing the order of G, then S,(G) is a Sylow tower group of supersoluble type. Next, we see that the condition of p-solubility of G is unnecessary.
Theorem 1.5. Suppose that either p is the largest prime factor dividing the order of S,(G) orp does not divide the order of S,(G). Then, S,(G) is a Sylow tower group of supersoluble type.
One might wonder if S,(G) is supersoluble under the hypothesis of the above theorem. The answer is negative in general (see [13, 
S,(G) is supersoluble if and only if S,(G) is p-supersoluble.
The motivation of our next result is as follows. Rose [15] proved that if every abnormal subgroup of a group G is p-nilpotent and if in addition either (i) the Sylow p-subgroups of G are abelian or (ii) p is an odd prime, then G is p-soluble.
We extend this result by proving the following: Theorem 1.7. Let G be a group and let p be a prime. Let
If each ME Q(G) isp-nilpotent and if in addition either (i) the Sylow p-subgroups of G are abelian or (ii) p is an odd prime, then G is p-soluble.
Notice that there exist groups G with abnormal maximal subgroups M such that q(G : M) = 1 G : MI. For instance, one can take a primitive group G of type 2 with a maximal subgroup M such that Mn Sot(G) = 1 (see [6] for the existence of such groups).
Finally, we analyze the influence of the maximal subgroups in 2l(G) on the structure of G.
Theorem 1.8. Let G be a group and let p be a prime. If p is larger than or equal to every prime dividing the order G and if each ME B(G) is p-nilpotent, then G is p-soluble.

Preliminary results
For the sake of completeness, we list some results used in proving the theorems described in Section 1. We will denote with Cp the class of all primitive groups and with pi, i E { 1,2,3} the class of all primitive groups of type i.
Let A4 be a maximal subgroup of a group G. 
they proved that if G is a p-soluble group, then S,(S,(G)) = S,(G).
We shall use the following improvement of these results which are particular cases of [l, Theorem 4.11 and [l, Theorem 4.41 respectively:
Proposition 2.4 (Ballester-Bolinches [l]). Let G be a group and let p be a prime. (i) S,,(G) is soluble if and only if S,(G) is p-soluble. (ii) Zf S,(G) is p-soluble, then S,(S,(G)) = S,(G). 0
The proofs
We now give the proofs of the results stated in Section 1.
Proof of Theorem 1.1. First, we prove that S(G) is soluble by induction on the order of G. Clearly, we can assume that S(G) # 1. Let N be a minimal normal subgroup of G such that N< S(G). Then, S(G)/N= S(G/N) and S(G)/N is soluble by induction. Now, suppose that p is the largest prime dividing the order of T. Arguing as the above case, T has a normal Sylow p-subgroup P. Since T/P is a p'-group, T/P is a Sylow tower group of supersoluble type by the above case. Consequently, T is a Sylow tower group of supersoluble type. 0 Since l#PsMnN, we have that q(G:M)# I G : MI. By hypothesis, M is p-nilpotent. So NG(P) is p-nilpotent. Since P is abelian, P lies in the center of N,(P). By a well known theorem of Burnside, this implies that N is p-nilpotent, a contradiction. Thus, P is a normal subgroup of G and N= P. Since G/N is p-soluble, we have that G is p-soluble.
Let B be another minimal normal subgroup of G. Then, S(G)B/B<S(G/B).
(ii) Suppose now that p is an odd prime. Again, we use induction on the order of G. With similar arguments to those used in (i), we can assume that G is a monolithic primitive group and p divides the order of Sot(G), the unique minimal normal subgroup of G. Denote by S=Soc(G). Suppose that S is non-abelian. Let P be a Sylow p-subgroup of S. Let J(P) be the Thompson subgroup of P and X=N&(J(P))).
Clearly, NG(P)lX. If X= G, then SsZ(J(P)) and S is abelian, a contradiction.
Thus, X is a proper subgroup of G. By the Frattini argument, G = No (P) S = XS. Let M be a maximal subgroup of G such that XI M. Then, A4 is maximal subgroup of G and q(G:M)= ISI. Now, q(G:M)# IG:MI since 1 #PsMfl S. Therefore, ME Q(G). Since A4 is p-nilpotent, X is p-nilpotent. Consequently, Ns(Z (J(P))) is p-nilpotent. The celebrated Glauberman-Thompson normal p-complement theorem (see [9, p. 2801 ) yields that S is p-nilpotent. Let R be the normal Hall p'-subgroup of S. Since R is a normal subgroup of G, we have that S= R, a contradiction.
Thus, S is abelian and G is p-soluble. 0
Proof of Theorem 1.8. Suppose that the result is false and take G a minimal counterexample. Then, it is clear that p is an odd prime. Let N be a minimal normal subgroup of G. By induction, G/N is p-soluble. If N is a p/-group, then G is p-soluble, a contradiction. Therefore, we can assume that p divides the order of N. Let P be a Sylow p-subgroup of N. As in the above theorem, denote X= N,(Z(J(P))),
where J(P) is the Thompson subgroup of P. By the Frattini argument, G=N,(P)N=XN.
If X is a proper subgroup of G, there exists a maximal subgroup A4 of G such that XIM.
By the Sylow theorems, A4 is a c-maximal subgroup of G and q(G:M)#lG:MJ since 1 # PsMrl N. Since M is p-nilpotent, arguing as in the above theorem, we conclude that N is p-nilpotent, a contradiction. Consequently, N is a p-group and G is p-soluble, a contradiction. 0
